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Abstract
The classical conformality is one of the possible candidates for explaining the gauge
hierarchy of the Standard Model. We show that it is naturally obtained from the
Coleman’s theory on baby universe.
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Although the Standard Model (SM) is completed by the discovery of the Higgs boson,
there are many open questions in it such as the Higgs quadratic divergence, the origin of the
electroweak symmetry breaking (EWSB), the cosmological constant problem, and so on. The
first two are important in that sense that they are inherent in local field theory even without
considering cosmology. Therefore, it is quite important to seek for new theory or mechanism
that naturally answer these questions.
The classical conformality (CC) [1] recently attracts much attention as one of the candi-
dates. The basic idea is as follows: The bare Higgs potential is given by
VB(hB) =
AB
2
h2B +
λB
4
h4B (1)
=
A(µ)
2
h2 +
λ(µ)
4
h4 +
δA(µ)
2
h2 +
δλ(µ)
4
h4, (2)
where µ is the renormalization scale, AB (A(µ)) and λB (λ(µ)) are the bare (renormalized)
couplings, and δA(µ) and δλ(µ) are the counter terms. By using the wave function renor-
malization Zh, they obey
ZhAB = A(µ) + δA(µ) , Z
2
hλB = λ(µ) + δλ(µ). (3)
As is well known, δA(µ) contains the quadratic divergence, so we must drastically tune
the bare mass term AB to obtain −A(µ) ∼ O(100GeV). However, such a fine-tuning is
automatically taken place if we demand that A(µ) becomes zero at some scale Λ:
0 = A(Λ)(= ZhAB − δA(Λ)). (4)
Once this is satisfied, the quadratic divergence never appears in the physical quantities . This
is the basic idea of the CC. The purpose of this paper is to show that Eq.(4) is naturally
concluded from the Coleman’s theory. Note that, in the SM, because the renormalization
group equation of A(µ) is proportional to itself, the Higgs mass term never appears if the
CC is realized at some scale. Therefore, other mechanisms such as the CW mechanism are
needed to realize the EWSB, and they are well studied in the context of the models beyond
the SM [1]. In such extensions, a few scalars generally exist, and we do not yet understand
whether our (following) argument is also applicable to such general cases. In this paper, we
just concentrate on the CC in the SM.
The Coleman’s theory [2] is one of the promising candidates for solving the naturalness
problem, and recently attracts much attention because it is formulated in the Lorentzian
framework [3, 4]. It predicts that the parameters (couplings)
−→
λ of local field theory are
fixed at the point that strongly dominates in the integration of the partition function of the
universe:
Z ∼
∫
d
−→
λ f(
−→
λ ) exp
(
−iε(−→λ )V4
)
, (5)
where f(
−→
λ ) is an ordinary function of
−→
λ , ε(
−→
λ ) is the vacuum energy density of a system,
and V4 is the spacetime volume. From this equation, one can easily understand that a special
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Figure 1: The Higgs potential in the SM. Here, the top mass is fine-tuned so that another
vacuum appears around the Planck scale.
point such as a saddle point of ε(
−→
λ ) strongly dominates because V4 is quite large. See [3, 4]
for more details.
In particular, in the recent work [4], it was shown that the Multiple point criticality prin-
ciple (MPP) [5] can be derived by using the Coleman’s theory. The principle is a hypothesis
which claims that if there are two vacua in a model, the parameters of the model are fixed
so that they become degenerate. Of course, this principle originates from the SM Higgs po-
tential. See Fig.1 for example. This is the Higgs potential of the SM by using the observed
Higgs mass ∼ 125 GeV, and one can see that there is another degenerate vacuum around the
Planck scale.
In the following, we show that the CC in the SM can be also derived by using Eq.(5).
We first review the result in [4] because the MPP plays an important role for the following
discussion.
Let us first consider a general potential V (φ, λ) of a scalar field φ having two minima at
φ1(λ) and φ2(λ), where we take φ1(λ) < φ2(λ). Here, λ is one of the coupling constants of
the theory. For example, it corresponds to the Higgs quartic coupling or the top Yukawa in
the SM. We assume that two minima become degenerate when λ is equal to zero, and that
the signature of λ is chosen as
V (φ1(λ), λ) < V (φ2(λ), λ) for λ > 0,
(6)
V (φ1(λ), λ) > V (φ2(λ), λ) for λ < 0.
See Fig.2 for example. Then, the true vacuum expectation value φvac(λ) and the vacuum
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Figure 2: Schematic behavior of V (φ, λ). The blue line corresponds to λ = 0, and the
green (red) line corresponds to λ > 0 (< 0).
energy density ε(λ) are given by
φvac(λ) =
{
φ2(λ) for λ < 0
φ1(λ) for λ > 0
, ε(λ) =
{
V (φ2(λ)) for λ < 0
V (φ1(λ)) for λ > 0.
(7)
Now, in order to examine the dominant point in Eq.(5), let us use the following mathematical
formula: If g(λ) is smooth and monotonic in the λ > 0 region, and g′(0) 6= 0, we have
eikg(λ)θ(λ) ∼
k→∞
i
k
(
dg
dλ
)−1
eikg(0)δ(λ), (8)
where θ(λ) is a step function. The proof is as follows. By multiplying a test function F (λ)
with finite support to eikg(λ), and integrating from 0 to ∞, we obtain∫ ∞
0
dλeig(λ)kF (λ) =
∫ ∞
g(0)
dg
(
dg
dλ
)−1
eikgF (λ = λ(g))
=
[
eikg
ik
(
dg
dλ
)−1
F (λ(g))
]∞
g(0)
+O
(
1
k2
)
=
i
k
(
dg
dλ
)−1
eikg(0)F (λ)
∣∣∣∣∣
λ=0
+O
(
1
k2
)
. (9)
Thus, Eq.(8) holds in the k →∞ limit.
By assuming that V (φ1(λ)) and V (φ2(λ)) are monotonic in λ > 0 and λ < 0 respectively,
and using Eq.(8), we have
e−iε(λ)V4 ∼ − ie
−iε(0)V4
V4
×
[(
V (φ1(λ))
dλ
)−1 ∣∣∣∣∣
0+
−
(
V (φ2(λ))
dλ
)−1 ∣∣∣∣∣
0−
]
δ(λ), (10)
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Figure 3: The typical behaviors of the Higgs potential where the MPP is realized. Left
(Right) panel shows the A(Λ) > 0 (< 0) case.
which leads to
Z ∼ f(0)
V4
× e−iε(0)V4 . (11)
This is the derivation of the MPP in the context of the Coleman’s theory. In the SM case,
the Higgs potential can have actually two degenerate vacua with vanishing vacuum energy.
(See again Fig.1.)
Let us now derive the CC by assuming that the MPP is always realized from the above
argument. In the SM, because A(µ) is proportional to A(Λ), we treat the latter as a free
parameter in the following. In this case, the vacuum energy density is given by
ε(A(Λ)) =
{
0 for A(Λ) > 0
−A(Λ)2λ for A(Λ) < 0
, (12)
where λ is the effective Higgs quartic coupling at the weak scale ∼ O(0.1). See Fig.3 for
example. Therefore, by using Eq.(8), we can see that A(Λ) = 0 dominates at least in the
A(Λ) < 0 region, wheres there seems no dominant point in the A(Λ) > 0 region. However,
in addition to the above vacuum energy, there is always a contribution from the zero point
oscillation energy:
εzero(A(Λ)) =
∫
d3k
(2pi)3
√
k2 + cA(Λ), (13)
where c is a positive O(1) coefficient determined by the RGE of the SM. This is apparently
a monotonic function of Λ(Λ), so we can conclude that A(Λ) = 0 also dominates even in
the A(Λ) > 0 region 1. This is the derivation of the CC in the SM. Although we have not
1The zero point energy also exists in the A(Λ) < 0 region. However, this does not change our conclusion because
it is also monotonic.
5
considered the extensions of the SM here, it might be interesting to study whether the CC is
also realizable even in such extensions while preserving their phenomenological aspects such
as the EWSB.
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